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ABSTRACT:

In this paper, we introduce the class O, (a,f,v,&) by
using the Ruscheweyh Operator. The aim of this
paper is to study some properties of this class,like,
coefficient inequality, Hadamard products, Extreme
points, radius of starlikeness and convexity, closure
theorem of a class of analytic and univalent function
in the unit disc. The results obtained here are found
to be sharp.
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1. INTRODUCTIONS:
Let S denote the class of function

f(z)=z+ Z a,, 2% which are analytic and univalent

k=2
in the unit disc

U ={z:|z|<1}.For g(z) = z+ib2kz2k t
k=2

convolution or Hadamard product of f(z)and g(z

defined by (f *g)(z) =z + Z a,
k=2

by Ruscheweyh [6].
The Ruscheweyh deri

Notice that, =7 +Za(n, k)ZZk,where
k=2

(2) = zf '(2).

_r
(1_ Z)n+1
n>-1and D°f(z) = f(2), D}

M.Da.rus [1].
O, (c.B,v,8) by

(1.1)

/(o —B)
for0<¢&<1,0<a<1,0<f<10<y<lneN

0
(n +k —1}
o(n,k) =
n
The result (1.1) is sharp for the function
f(z)=2+ ACKT) 7 k=2

[ 2k(1-y£—y)+7]o(nk)
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Proof:Assume inequality (1.1) is true then
zZE(D"f(2)) -1+

|2(D"f (2)) =)~ 7 Kz(D"  (2)) - D" f (2)}
+a - p)

<

D" 2ko(n, k)ay, 2
k=2

£3 2k a(n,k)a, 2%
k=2

|+ 2ka(n, k)a, z*
k=2

-3 a, o(n,K) 2% + (2 )

<3 [2K(A- 3£~ ) + 718(n,K)a,, — 7(a— B) <O

k=2
by maximum modulus principle,

- e, (a,p,7,&).
Conversely, Letf €O, (e, B,7,£).Then

2(D"f (2)) -1)

ZE(D"f(2)) -1 +{z(D"f(z))-D"f
<y, zeU

that is

- <r
D" (2ké+2k =1)o(n, k) ay, + (- B)

> (2K &~ 7) + 7180 K3y, ~ 7@ - £) <0

Thus the proof is complete.

Corollary:
Iff €O, (a,B,y,<&) then

a, < r(@—p) . k=23,...
[2k@A -y —y)+r]o(n k)
with equality for

y(a-p)

f(2)=z+ 7% k=2,3,..
[2k(L— & —y)+r]o(n,k)
3. GROWTH AND DIS ION THEOREM:
Theorem 2:
(o, B,y,&) then

) +718(n,2)
y(a—p)
—y&—y)+y]0(

f(z)|s|z|+Za2k|z|2"
k=2

(2.1)
[ ) A
[4(L—yE—y)+r]o(n,2)
Similarly
@22~ Y an[2f"
Z|Z| 7(a—p) |Z|4

[40-75-7)+710(n,2)
Combining (2.1) and (2.2) we get the result.
Theorem 3:

If the function f (2) On (a, B,7,&) then

. 4G — T
[4Q-yE-y)+7]0(n,2)
4y(a—-p) |Z|3

[4Q-yE-y)+7]o(n,2)
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The result is sharp for
f(z)=2+ r(@=p)
[4Q-rE =) +r1o(n,2)

4

4. RADIUS OF STARLIKENESS AND CONVEXITY:
Theorem 4: Let f(z) €O, (e, S,7,&) then

f (z) is starlike in |Z| <R where

R =inf

k

2k +s=2)y(a-p)
. k=2,3,...

The estimate is sharp for the function

{[2k(1—y§—7)+7]6(n,k)}2“

2k

f(z)=2+ ACKT)
[2k(L=75=»)+718(n.Kk)

Proof: f is starlike of order s,0<s<1if

Re (z f’(z)j >s
f(2) (3.1)
that is if
z@—]{ <1-s
f(z)

This simplifies to

Z|(2k+s 2) a,, |7|
1-s

for some k.

estimate is sharp for

Theorem 5:

If O, (e, B,7,¢&) then £ (z) is convex of order c,
0<c<lin|z|]<R where

R=in f{(l c)[2k(L— & —y) +y1o(n, k)}zm
2k(2k —2+cC)y(a - p) :

k=23..

f(2)=z+ 2k for some k.
[2k(@1—-

Proof:

feO,(a,p, forderc,0<c<lif

e arguments similar to theorem 4,We get

1

— _yE_ 2k-1

. r e | AORKA- ) + Ao | >
k 2k(2k =2+ C)y(a—p)
5. EXTREME POINTS:
Theorem 6: Let f,(2) =z,
fo=z+ r(@—p) 7% k=2,3...
[2k(@—y¢ —y)+710(n.k)

Then f €O, (e, B,y,<&) ifand only if it can be expressed in

the form
f(z)=> A f(z) where 4 >0, and > 1 =1.
k=1 k=1
Proof: Suppose

(@)=Y 42
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e y(a-p) 2
f(Z)—Z;ﬂk(Z+[2k(1_7/§_7/)+}/]a(n,k)Z j

S y(a—p) 2k
@ =2 A e 1000
Now, f(2) €O, (a, B,y,&) since
$ 2607 1)+ N20.K)
k=2 7(05_,3)
y(a—p) A
2K &~ 7)+ 710(nK)

izk =1-4 <1.

Conversely, suppose that f €O, («, £, ,&) then by
(1.1)

a, < (@=p) k=2,3,.
* T [2k(@-yE =) +y10(n k)| -
Setting
_[2kQ--n 41000 g
y(a—p) 2 -

And ﬂl=1—izk
f(z)=

o0
We notice that,
k=2

Hence the result.

6. Hadamard Product

Where

p 2ky*(a - B)

) [2k(L—7& = 7))+ 71 0(n.K) + 7* (= B)(2KE + 2k -1)

Proof: f,9 €0, (a, f,7,&) and so

o (2K (L= 7 —7)+ 710(0,K).
2 =t (6D

(6.5)

y(a—p)
[2k(@-y¢ —y)+r]o(n,k)
Therefore in view of (6.5) and (6.6) it is enough to show that

y(a—-p) < A2kA-yE-y)+7]
[2k(A-yE~7)+r1o(nk) — y[2k(1-¢S— @) + 4]

(6.6)

This simplifies to

p 2ky*(a - p)

- [2k(A— & —7)+ 7T 0(n,K) + 7" (a - B)(2KE + 2k ~1)
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7. Closure Theorem
Theorem 8: Let f; €O, («, B,7,$),]=12,...

| 0
then g(z)=>_c, (z +Za2k]jzz“j
j=1 k=2

I o0
B _ 2k
¢;=land f (2)= Z+Za2k,jz :
= k=2
Proof: We have

| ©
9(2)=>_c; (z +Za2k’j22kj
= k=2
| 0

2 2

=l k=2

SIDACHS S

o0
k=2 j=1

where

2k
ay ;Z

g(z):zZI:cj+

z
(7.1)
(7.2)
|
Where, €, = Y@y, iC;
=1

since f; €O, (a, B,7,¢) by (1.1)

Z[Zk(l—yf—y) +y]0(n,K) _

y(a—p)

Thus, §(2) €O, (a, B,7,$).
Theorem 9: Let f,9 €0, («, f,7,¢&) then

h(z) =2+ (a2 +b2 )2 isin O, (@, . 6,)

Where ¢ > 2y

Proof: f,g €O, (a, ,7,&) and hence

2k(L—y&—y)+y1o(nk) .

i[

k=2 y(a—-p) B
. {i[2k(1—7§—7)+7]6(n, k)ang 1

k=2 7(“ _ﬂ) (8.1)
i [2k@-y& —y)+y]o(n, k)bzzk
k=2 y(a—p)
S[i[Zk(l—%—y) bzzk} <1

k=2 (8.2)
Adding (8.1) an

5) <1
(8.3)

8)

(8.4)
genough to show that
< 1[2kA-yg~y) +710(n,k)
2 y(a—-p)
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