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ANNOTATION:

The string oscillations of finite length
with fixed ends, under the influence of a
continuous force and forces of impulsive
nature arising at some fixed moments of
time are investigated.

The mathematical model of such an
oscillatory process is a string oscillation
equation with homogeneous boundary
conditions, inhomogeneous initial
conditions and the condition of impulse
action at fixed points of time.

This work gives the solution of this
problem in the form of a series on
eigenfunctions of the Sturm-Louiville
problem, the conditions under which the
obtained series converges uniformly are
specified.
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INTRODUCTION:

Consider the problem of forced
oscillations of a string with fixed ends,
oscillating under the influence of an external
continuous force, and forces of impulsive
nature acting on the process of string
oscillation at fixed moments of time.

Mathematically, this problem is the
problem of solving a linear inhomogeneous
equation of string oscillation

o'u , 0%
Eaard
(1)
at boundary conditions

u(0,t)=u(l,t)=0, (2)

with initial conditions

+ f(x,t), t=t,

u(x,0) = ¢, (x), %J(X,O) =@, (x),0<x <l
(3)

and impulse conditions of the type

oup ou(xt +0) au(x,t -0)
E“:‘k "

, (4)

where t, >0, ke N , the moments of impulse

actions, and 1,(Xx), ke N , corresponding to t,,

keN, the values of impulse actions.
Concerning the moments of impulse actions,
assume that t, >t at k>m and t —+0 at
K — +0 .

The solution of the problem (1)-(4) is a
continuous on[0,1]x[0,+x) function u(x,t),

twice continuously differentiable with respect
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to both arguments fort e kk_)o(tk,tkﬂ) and having

a continuous right-hand derivative fort at

t=t,keN, satisfying  equation (1)
att#t,,k e N, boundary conditions (2), initial
conditions (3), and at t=t,keN impulse

conditions (4).
The solution of equation (1) satisfying
the conditions (2)-(4) is sought in the series:

u(t, x) = iTn(t)-sinnl—ﬂx

(5)

by its own functions A, =Sin@, n=12-.. ,

Sturm-Louiville tasks

X"(X)+AX(x)=0, X(0)=X()=0
Substituting (5) into equation (1) for

t=t,k=12,... wehave

0

Z[Tn”m;Tn(t)}sin”I—”x:f(x,t), t
n=1
(6)
nra
where Wy = |—

Decompose the function f (X,t) of the

Sturm-Louiville task in the interval (O, |) into

a Fourier series of sines:

f(x,t):ifn(t)sinnl—”x,

(7)

where

2 Nz
fn(t):T_[f(x,t)sinl—xdx
0

(8)

By comparing the expansions (6) and
(7) for the same function f (X,t) , we obtain a

second-order ordinary differential equation
with respectto T, (t):

T"O)+aT (t)=f (1), t=t,

(9)
where N, K=1,2,---.

From the initial condition (3) and (7), it
follows

u(x,0)=3T, (O)sinnl—ﬁx = 2, (X),

(10)

%u (x,0) = iTn’(O)sin nl—” X =g, (X),

(11)
and from the impulse condition (4), we obtain

AL (D], = DAT )], sin T x=1
ol T L el

(12)
Now multiplying both parts of equations

k=12,..

.k
(10)-(12) by smTﬂx, keN, and

integrating the result over the segment [O; I ]

taking into account the orthogonality of the

.k
system function {Sln T X on the

segment [O’ I ] , we have

|
T (0) :IE [ goo(x)sinnl—”xdx,
0
2| 14
T.(0) =T j @:(¥)sin —=xdx,
0

|
AT, 0], =|3j|k(x)sin”|—”xdx.
0

T (t),n=12,.., the

solutions of equation (9) that satisfy the initial
conditions are

Therefore,
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Tn (O) = ¢0n ’

(13)

!/
Tn (O) = P,
(14)
and impulse conditions

ATn, (t) ‘ t=t, Ikn

(15)
The notations are introduced here:
I
on :ijo(x)sinn—ﬂxdx
[ 5 |
(16)
2 N
in :TJ'gol(x)smTﬂxdx
0
(17)
2 N
o =—j Ik(x)sm—”xdx
4 |
(18)

where N=12,.... k=12,....

The problem of constructing a solution
of equation (9) satisfying conditions (16)-(18)
is solved as follows.

First, construct the solution of equation
T(t) (9) under initial conditions (13) and (14),

we have

(A I SN
() =gy, 50— g, St +— [ ,(F)sing (t-r)dr
Q 0

n n
(19)
Next, we continue this solution on a half-
interval [t,t,) as follows: we present the

general solution of equation (9)

where C, and C, are arbitrary constants. To

determine them, we use the conditions of
impulse actions (15) at the pointt =t; , we have

{Tﬁ (t) =Ti(t,)
(T2 (t)) =T ) +1y
(21)
The solution of system (21) is relative
C, and C, has the form:

t].
C, =, _a)i'[ f. (7)sin a)nrdr—wi l,,sinot,
"o " (22
. )
c,=fm +—If (r)cosw,rdr+—1,, cosam,t,
n (()n 0 C()n

Substituting the values C, and C, from
(21) to (20), we write down the solution of the

task (9), the (13)-(15) for t €[t,t,) in the form

t
|
Tnz(t):%ncoswnuﬁsmw +ljn sing, (t-7)dr +-Lsing (t-t).

n a)n 0 a)n

(23)

Further continuing in the same way the
process of sequentially continuing the solution
of the problem (9), (13)-(15) for
teft,.t.,), meN, wehave

t

2l singt+ j

n t

Tnm(t)zq)mcoswnu 7)sine, (t-7)dr+

+Zismw (t-t).

It follows that when in equation (9) the
f.(t),neNare defined and

continuous for all teR, the solution of the

functions

T (t)=C,cosm,t+C Slna)t+—J.f (7)sinw, (t —Yduchy problem with initial conditions (13),

nt

(20)

(14) for differential equation (9) with impulse
action (15) exists and is unique. This solution is

222 |Page



NOVATEUR PUBLICATIONS

JournalNX- A Multidisciplinary Peer Reviewed Journal

ISSN No: 2581 - 4230
VOLUME 8, ISSUE 4, Apr. -2022

defined for everyone teR and is represent
able using the formula
L

(pl“sma)t J r)sing t dr+Z"‘sma)
n t 0<t<ta)

T(t)= q)mcosa)t+

Substituting the found expressions for
T.(t) in the series (5), we obtain a solution to

the problem (1)-(4) if the series (5) and the
series obtained from it by direct differentiation
X and t to two times inclusive, uniformly
converge. It can be shown that such
convergence of the series will be ensured if we
require a uniform n boundedness of the partial

o0
sums of the series Zlkn and the continuous
k=1

function f(x,t) had continuous partial

derivatives up X to the second order and that
the conditions
f(O,t)=1(1,t)=0,1,(0)=1(1)=0,vkeN
were met for all values t.

From the above it follows that the
solution of the problem (1)-(4) is expressed as
a series

u(x,t) Z[(/)m

1Y sing k) cosat+( P

@, o<t Wﬂ a)n Ost<t

1 & kzx
+— Jn (r)sine, (t- rdrsmT

Oy k=L 1y,

Note that the formulas obtained
completely coincide with similar formulas of
classical mathematical physics obtained by
studing the string oscillations of finite length
with fixed ends.

Ly ) cosat) smwt]smT+
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