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It is known that heat generation, vibration problems are dynamic problems, which are often
expressed by partial differential or integro-differential equations. An example of the simplest problem
of heat dissipation is the problem of heat dissipation on a rod, which is represented by partial
derivatives of parabolic differential equations. Several analytical methods for solving problems of heat
dissipation on a rod are given in textbooks. But the formulations of the solutions obtained by modern
computers and software are not shown. One of the ways to solve such problems is the use of the
Maple mathematical system [5,7]. Therefore, here we will consider the solution of some problems of
heat dissipation on the rod using the Maple mathematical system and how to use it in the course of the
lesson.

Let's look at the process of heat dissipation in Avalon, a semi-constrained rod. To

0 o[ 07
do this, use this equation —u(t,x)=a°| —ult, x
] )
the following initial condition u(0, x) = f (x),and with these boundary conditions we look at:

o 0 :
1. The limit of the rod X=0 does not conduct heat at the point: au (t, O) =0 yoki

2. Sturgeon chegarasini X =0the same temperature is maintained at the point:
u(t,0)=T,.
Here is a sequence of commands for solving the problem in the Maple system and the resulting
one.
> restart;
The expression of the equation and its solution by the method of separation of variables:
> PDE:=diff(u( t,x ),t)=a*2*diff(u( t,x ), x,x);
struc := pdsolve (PDE,HINT=T(t)*X(x));

PDE -=§u(t X) = a’ 6—2u(t X)
ot ox:
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struc::(u(t,x):T(t)X(x))gowheraHgT(t)_ cT(t) o’ X()_ CX(X)H

> dsolve(diff(T(t),t)=_c[1]*T(t));
dsolve ( diff(X(x),'$"(x,2))=_c[1]*X(x)/a’2);

T(t)=_Clet™

), ol
X(x)=_Clet * 7+ C2e °
Doing replacement: _C, ==- %

> dsolve ( diff(T(t),t)=-lambda”2*T(t)*a"2);
dsolve ( diff(X(x), $ (x,2))=-lambda”2*X(x));
T(t)=_Clel*=
X (x) = _C1sin(Ax) + _C2cos(Ax)
Imagine general solution :
> u(t,x):=(C1l*sin(lambda*x)+C2*cos(lambda*x))*exp(-lambda”2*a”2*t);
u(t, x) := (Clsin(1x) + C2 cos(ﬁx))e(“zazt)
u(t, x) - the function is optional for the given uesiimi equation (where is the variable parameter in the
range of values from D o), but for each A it is suitable C1(1) va C2(1)coefficients match.
Therefore, we write like this: > u [ lambda ]( t, x ):=( C 1( lambda )* sin ( lambda * x )+ C 2( lambda )*
cos (lambda * x ))* exp (- lambda 2 *a *2* t);
U, (t,X) = (C1(A)sin(Ax) + C2(2) cos(Ax))e ="

Received y e chim the result A param e trga it 's like the sup e position of all grasses _ in the form we
express :
>u(t,x):=int(u[lambda](t,x), lambda=-infinity..infinity);

u(t,X) = [ (CLA)sIn(AX) +C2(2)cos(ax))et
C1(2)and C2(2) coefficient e nts look at it for start drinking _ from the conditions we use :
> u_0(tx):=eval (subs(t=0, u( t,x)))=f(x);

u_0(,x) = TCl(/l) sin(Ax) + C2(1) cos(Ax)dA = f (x)

This is an expression f (x) function Fur e to the int e gral spread with fits: _ _ _
> f(x)=(1/(2*Pi))*int(int(f(xi)*cos(lambda*(xi-x)),xi=-infinity..infinity),lambda=-infinity. .infinity);

(0= %(i ] f@costace - x))d@dz]

—00—00

Demak, C1(1) va C2(4) koeffisientlar quyidagicha bo'ladi:
> C1(lambda):=(1/(2*Pi))*int(f(xi)*sin(lambda*xi),xi=-infinity..infinity);
>(C2(lambda):=(1/(2*Pi))*int(f(xi)*cos(lambda*xi),xi=-infinity..infinity);
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C1(1) = %[% T i (cf)sin(ﬁ.é)de

C2(2) ——( J f(é)COS(/I(S)dé]

>u(t,x):=int((C1(lambda)*sin(lambda*x)+C2(lambda)*cos(lambda*x))*exp(-lambda”2*a”2*t),lambda
= -infinity .. infinity);
>u(t,x):=combine(int((C1(lambda)*sin(lambda*x)+C2(lambda)*cos(lambda*x))*exp(-
lambda”2*a”2*t),lambda = -infinity .. infinity));

0= [ [g[sm@x) J f(é)snn(mdsj (C"SW) J f(é)cos(zé)dfn o2

—00'

(- 2a%)
ut, X)_Ij‘le f (&) cos(- /1X+l§)d§d/1
—00— OO 72-
The resulting expression can also be expressed in different ways. To do this, consider the following
integral:

> int ( exp (-lambda”2*a”2*t)* cos (-lambda* x+lambda *xi), lambda = -infinity .. infinity);
I el-#e) COS(—AX + A&E)dA

We substitute the variables and substitute the function under the Integral :

> Simplify(subs({xi=-v*a*t"(1/2)+x,lambda=w/(a*sqrt(t))}exp(-lambda”2*a”2*t) *cos(-
lambda*x+lambda*xi)));

elv) cos(wv)

> Int ( exp (-lambda”2*a”2*t)* cos (-lambda* x+lambda *xi),lambda = -infinity .. infinity)=(1/(a* sqrt
(t))) *int ( exp (-w”"2)* cos (w*v),w = -infinity .. infinity);

2e

aVt
> Int( exp(-lambda”2*a”2*t)*cos(-lambda*x+lambda*xi),lambda=-infinity..infinity)= subs(v=(x-xi)/a/
tN(1/2),1/a/t"(1/2)*Pir(1/2)* exp (-1/4*v"2));

((Xé)}
2
/e 4a“t

a~/t
Received expression solutions will be :
>u(t,x):=(1/(2*a*sqrt(Pi*t)))*int(f(xi)*exp(-1/4*(x-xi)*2/a” 2/t),xi = -infinity .. infinity);
(x=5)

u(t,x) == —If(g)e( sa jdg

Te(m) COS(-AX + AE)dA =

Te(‘fazt) COS(—AX + A£)dA =

Now consider the above boundary conditions .
1.The rod x=0tip at the point does not allow heat to pass through, i.e., it is insulated:
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0
—u(t,0)=0.
ax (t,0)

In this case, f(x)itis necessary to continue in pairs with the negative semiaxis:
f(x)=1(-x)
>u_x(t,x):=diff(u(t,x),x);

[_(*5?)2]
1 LHEEEtXe R
avat ? 2 a’t

1

u Xx(t,x)=—

_X(t, x) >
We substitute a variable :

> u0_x:=subs(x=0,u _x( t,x));

. )
1 F1f(E)%
ol R

uO_x::l
2

Here the function under the integral is odd; therefore, the Integral is equal to zero, and the boundary
condition is satisfied. Therefore, the solution can be written as:
> u(tx):=1/2*1/a/(Pi*t)"(1/2)*int(f(xi)*(exp(-1/4*(-xi+x)"2/a"2 /t)+exp(-1/4*(xi+x) "2 /a2 /1)) xi=-

infinity..infinity)
(=¢+x)? (=¢+x)?
4a’t P 4a% cf

u(t,x):=% ﬁff(é) e

2.Therod x=0let the temperature at the limit is constant (0 < x) thatis: u(t,0) =T,
In this case, substituting, we get the boundary condition homogeneous:
>U(tx)=u(tx)-TO;
> F(x)=f(x)-TO;
U, x)=u(t,x)-TO
F(x)=f(x)-TO
After that, F(x)you need to continue based on the negative semi-accuracy of the point: F (x) = —F (—x).
The solution to the problem looks like this:
> U(t,x):=1/2*1/a/(Pi*t)"(1/2)*int(F(xi)*exp(-1/4*(-xi+x)"2/a"2/t),xi = -infinity .. infinity);
(=6+x)°

U(t.x) :=% ﬁTF(é)e( a ]de;

3aMeHsieM MeCTaMMu:
> F(xi):=f(xi)-TO;
>u(t,x):=T0+1/2*1/a/(Pi*t)*(1/2)*int((f(xi)+TO0)*exp(-1/4*(-xi+x)"2/a"2/t)xi = -infinity .. infinity);
F(&)=1(5)-TO
_(=&0)?

u(t,x):=T0+% ﬁf(f@)ﬂo)e[ sa ]dg

F(&) :==f(£) + TO yyureiBaeM HeyeTHOCTDb GYHKIUM:
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> u(tx):=T0+1/2*1/a/(Pi*t)"(1/2)*int((f(xi)-TO)*exp(-1/4*(-xi+x)"2/a”2/t),xi = -infinity
0)+1/2*1/a/(Pi*t)"(1/2)*int((f(xi)-T0)*exp(-1/4*(xi+x)"2/a"2/t),xi = 0 .. infinity);

- [ - 5+x)] 1 1 = [ - 5+x)2]
u(t,x): TO+— jf(§)+To)e daft +> mj f(£)-Tok “
Unun
> u(tx):=T0+1/2*1/a/(Pi*t)*(1/2)*int((f(xi))*(exp(-1/4*(- Xi+x)2 /a2 /t)-exp(-

1/4*(xi+x)"2/a”2/t)),xi=0..infinity)-T0*Integr;

[ (—&+x)? ] [ (£ J
u(t, x): T0+ \/_J.f(é) @t _gl %t Jgg | —TOlIntegr

here :
> Integr:=1/2/a/(Pi*t)"(1/2)*Int((TO)*exp(-1/4*(-xi+x)"2/a”2/t) xi = -infinity . 0)-
1/2/a/(Pi*t)*(1/2)*Int((T0)*exp(-1/4*(xi+x)"2/a *2/t),xi = 0 .. infinity);
(=&+x) J [ (E+x) J
2 1
Integr = TOe[ et Toe! ** /g
g J_ j dé |- 2 . j £
2 &)
To calculate the integrals, we make the following substitutions: E=x-2at'?y, & =—x+2at ¥z,

> subs( xi=x-2*a*t"(1/2)* y,exp (-1/4*(- xi+x )"2/a"2/t));

> subs( xi=-x+2*a*t"(1/2)* y,exp (-1/4*( xi+x )"2/a"2/t));

e-v")

e

> [1:=simplify((1/a/(Pi*t)*(1/2))*int(exp(-y"2),y = -infinity .. x/(2*a*t"(1/2)))*2*a*t"(1/2))/2;
>12:=simplify((1/a/(Pi*t)"(1/2))*int(exp(-y*2),y = x/(2*a*t"(1/2)) .infinity)*2*a*t"(1/2))/2;

I1::1+£erf( X J
2 2 2a+/t

I2::—lerf
2

1
+ =

X
2avt ) 2

>Integr:=simplify(I1-12);

Integr:=erf X
2at

TakuM 06pa3oM, MbI oJIy4aeM:

> u(t,x):=collect(T0+1/2*1/a/(Pi*t)"(1/2)*int((f(xi))*(exp(-1/4*(-xi+x)"2/a"2/t)-exp(-

1/4*(xi+x)"2/a”2/t)),xi=0..infinity)-T0*Integr,TO);

[ (&) ] [_(;+§)Z]
u(t,x) = [ erf(za\/_j+1]T0+— \/_J'f(z;f) —e d&

[Ipumep.
> restart;

The following one-sex equation
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§u<t,x>=az(§;u<t,x>j

this is boundary condition :
0
—u(t,0)=0
5 U(E0)

and this is the initial condition u(0, x) = f (x),

solve with, here's f(X) the function looks like this:

> a:=1;l:=4;L:=6;alpha:=1;

>f(x):=x->piecewise(x<l ,0, x< L,alpha, x>L,0);

a=1

=4

L=6

a=1

> plot( f(x),0..10,-0.1..1.1, numpoints =400,color= blue,thickness =3);

1_

1Ly

Il:y

041

04

> restart;

>f(xi):=xi->piecewise(xi<l,0, xi<L,alpha, xi>L,0);

dopmMy.Jia pellleHUs 3a4a4U:

> u(t,x):=simplify(1/2*1/a/(Pi*t)*(1/2)*int(f(xi)*(exp(-1/4*(-xi+x)"2 /a2 /t)+exp(-
1/4*(xi+x)"2/a”2/t))xi=1..L));

u(t, x) __lc(erf[ Ia\/_j erf(zl;/x_j f(;;\/)f(j_erf(;a—t/)f(jj

1;1:=4;L:=6;alpha:=1;

> a =
a=1
=4

L=6

a=1

Pemenue ypaBHeHUA:

> with(plots):

>u(t,x):=-1/2*(erf(1/2*(1-x)/a/t"(1/2))+erf(1/2*(1+x) /a/t"(1/2))+erf(1/2*(-L+x) /a/t"(1/2))-
erf(1/2*(L+x)/a/t"(1/2)));

1 4—-x) 1 4+x) 1 —6+X 6+ X
u(t, x) _—Eerf( 2\/{} Eerf(z—\/{j—aerf[ i J rf(z\/_J
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Let's draw a two-dimensional animated graph of the obtained solution:

> animate( plot,[u( t,x ),x=0..15], t=0.00000001..12, frames=60,thickness=3);

t=1e7

[

081

06

04

02

L 2 4 B B 10 12 14
X

Here are the graphs of the obtained solution for several points in time:

> tau :=12:

u_1(x):=subs(t=tau*0.000001,u(t,x)):

u_2(x):= subs( t=tau*(1/8),u( t,x )):

u_8(x):= subs( t=tau*(7/8),u( t,x )):
plot(u_1(x),x=0..15,y=-0.02..1.1,title="t = 0", color=red,thickness=3);
plot(u_2(x),x=0..15,y=-0.02..1.1,title="t = 1/8*tau",color=red,thickness=3);

plot(u_8(x),x=0..15,y=-0.02..1.1,title="t = 7 /8*tau",color=red,thickness=3);

t=0
1
0.8
05
¥ ]
0.4
0.2
L 2 4 R 5 m 12 14
X
t = 2/8*tau
1= 1/8%tau 1]
|
0.5
0.81
0.5
v 0.64 ¥
0.4
0.4
Dz_/\ D'z_/\
o 3 i e g 10 T2 T4 o 2 4 & g 10 12 14
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